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Abstract

The permeability, porosity, and velocity that govern the flow of multi-
phase fluids (e.g., water, oil, steam) in the earth’s subsurface can vary over
several orders of magnitude. The range over which the flow is observed can
vary from the kilometre to centimetre scale due to the hydraulic properties
and geometric complexity of geologic structures. Combining node-centred
finite volumes with a finite element method on an unstructured triangular
grid is an efficient way to accurately model multi-phase flow in geologic
media. We demonstrate such a method by simulating multi-phase flow in
geological media with complex geometries and transport parameters that
vary over several orders of magnitude.
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1 Introduction

Fluid flow in geological systems often involves the simultaneous propagation of
multiple fluid phases (e.g., water-oil, water-steam) [11]. Modelling the flow of
multi-phase fluids such as water, oil and steam in the earth’s crust is often chal-
lenging, since the hydrological rock properties (permeability, porosity) and the
velocities can vary over several orders of magnitude. As a result, hydraulic con-
ditions often focus large scale fluid flows (e.g., in a large oil reservoir) into much
smaller volumes (e.g., fractures). In such cases the scale of interest can vary from
the kilometre to centimetre scale [13], [14].

The combination of finite element and finite volume methods (hereafter called
CEVM) to model multi-phase flow in geologic media has recently become popular
(e.g., [6], [5], [3]). These studies have shown that CEVM simulations yield very
good results compared to traditional finite difference or finite element methods [9].
The CEVM is commonly embedded within an implicit pressure explicit saturation
formulation (IMPES). In the IMPES approach, the fluid pressure field is computed
implicitly (here using the finite element method), yielding velocities of the fluid
phases which are used to explicitly calculate the mass balance of the fluid phases
(here using the finite volume method) [2]. The use of the CEVM and IMPES
formulation combines the best features of either method. In particular:

• The geometric flexibility of the finite-element method is retained such that
large variations in scale can be modelled efficiently.

• The non-linear advection equations can be decoupled from the parabolic
equation for the fluid pressure, which in the case of incompressible fluids
avoids the need for Newton like iterations.

• The parabolic equation for the fluid pressure can be solved efficiently by the
finite element and the hyperbolic mass-conservation equation efficiently by
the finite volume method.

• Algebraic multigrid solvers can be employed to solve the equations associ-
ated with the finite element method.
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• Mass conservative, total variation diminishing (TVD) finite volume schemes
can be used to accurately track the propagation of the phase interfaces.

When embedding the CEVM in an IMPES formulation, a mixed-element formula-
tion is commonly used to simultaneously compute the fluid pressure and velocity
fields at the finite element nodes (e.g., [6], [5], [3], [9]). This yields a flux that
is constant across the faces of the finite elements. This method does not require
the construction of a finite volume subgrid. However it has the major drawback
that the physical solution across interfaces with discontinuous changes of material
properties is incorrect [24]. Another disadvantage is that large matrices must be
constructed, which increases the storage and CPU time required by the multigrid
solvers.

Verma [23] has suggested that the use of node-centred (barycentric) finite vol-
umes is well suited for reservoir simulation. In this method, a finite volume sub-
grid is constructed on the basis of a triangular in two dimensions (or tetrahedral
in three dimensions) finite element mesh by connecting the barycentres of the
triangles with the midpoints of the associated edges (Figure 1).
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Figure 1: Barycentric (node-centered) finite volumes at nodes i and j with trian-
gular finite elements ei1 - ein (ej1 - ejn, respectively) and segments si1 - sin (sj1 -
sin, respectively) as defined in [23].

While the geometric flexibility of unstructured meshes is retained, this method
has the advantage that only the fluid pressure field must be computed by the fi-
nite element method. In contrast to the mixed-element formulation, the transport
parameters are now element variables, and element fluid velocities are derived
from the fluid pressure field. This leads to a fluid flux that is constant across the
segments of a finite volume within the associated finite element. Furthermore,
with the transport parameters and fluid flux assigned to the finite elements, the
contributions of the respective element fluid fluxes are averaged to the nodes such

3



that the fluid mass within the finite volume is conserved. Hence, the formula-
tion can cope with large variations of the transport parameters and discontinuous
changes of the material properties, because the fluid flux can vary from element
to element. The drawback of this formulation is the construction and subsequent
storage requirements, especially in 3D, of a finite volume subgrid. The feasibility
of three different node-centered finite volume discretizations within the CEVM
framework were discussed recently [10]. In that study, a mixed-element formula-
tion and nodal transport parameters were used, which can lead to a failure of the
algorithm if the mobility tensor becomes negative.

CEVM is usually applied to the numerical simulation of incompressible fluid
phases. Recent studies indicate that CEVM can also be used to model the flow of
compressible phases, [3], [19].

In CEVM, special attention is usually paid to the hyperbolic mass-con-servation
equation, which when neglecting dispersive terms, takes the basic form of the ad-
vection equation:

∂u

∂t
+ ∇ · vu = 0 (1)

where u is the conserved quantity and v is the velocity vector.
Due to its hyperbolic character, solutions of the advection equation are prone

to numerical diffusion when using first order Godunov or Lax-Friedrichs meth-
ods or spurious oscillations when higher order Lax-Wendroff or Beam-Warming
methods are used.

Several numerical methods have been developed in recent years that are capa-
ble of capturing the advective (shock) front accurately. Popular choices include
approximate Riemann solvers (e.g., [18], [22]), TVD methods (e.g., [4], [21]),
essentially non-oscillatory methods (ENO) (e.g., [7], [20]), and central schemes
(e.g., [16], [12]). While all of these methods have been shown to be robust for
numerous applications (e.g., [1], [25]), the TVD scheme is the most computation-
ally efficient method when applied to a simple one-dimensional, linear conser-
vation law such as the advection equation. Therefore, TVD methods are usually
employed to solve the advection equation within the CEVM framework (e.g., [6],
[5], [3], [9]). It was shown recently that TVD applied to the CEVM method gen-
erally yields very accurate solutions [9].

The paper is structured as follows: The governing equations for multi-phase
flow in geologic media are discussed. This is followed by the description of the
numerical method, the extension of the slope limited TVD method to barycentric
finite volumes and unstructured grids. Finally we conduct a numerical experiment
and apply the CEVM to a hypothetical example where oil is pumped out of a
fractured reservoir.
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2 Governing Equations

The equations describing the flow of two incompressible and immiscible fluids
can be derived by combining Darcy’s law and mass conservation written for each
phase individually (e.g., [8]). Note that the reduction of the formulation to a
single-phase fluid system is straightforward. The parabolic equation describing
the fluid pressure p in the reservoir is defined as

ctφ
∂p

∂t
+ ∇ · vt = Qt (2)

where the velocity vector vt for all fluid phases can then be expressed as

vt = −λt · ∇p −
1

2
[λn − λw]∇pc + g [λnρn + λwρw] . (3)

In these equations the subscript w refers to the wetting phase and n to the non-
wetting phase, and t to the total for both phases. Here ρ denotes density of the
appropriate phase, λ is the mobility, Q is the phase volume source or sink, g

is the acceleration due to gravity, φ is the porosity of the media, and c is the
compressibility of the phases.

In equations (2) and (3), the average fluid pressure p is given by

p =
pw + pn

2
(4)

and the difference of fluid pressures of the two phases, the capillary pressure pc

given by
pc = pn − pw. (5)

The essentially hyperbolic equation describing the propagation of the fluids
(here and in the following written for the wetting phase) in the reservoir is given
by

φ
∂Sw

∂t
= −∇ · [fw (vt + λn (ρw − ρn)g)] + ∇ · [λnfw∇pc] + Qw (6)

where fw denotes the fractional flow function for the wetting phase.
The capillary pressure is usually small compared to the fluid pressure gradient

on the reservoir scale [9]. For this reason, in the rest of this paper we neglect
capillary effects.

3 Numerical Method

The CEVM numerical method combines a finite volume method to calculate the
mass balance of the fluid phases while the fluid pressure field is computed im-
plicitly using the finite element method. Our method for the fluid pressure field
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calculation is described in [17]. Here we only describe the calculation of the mass
balance via the finite volume method.

The element velocities given by the fluid pressure field and the relation defined
in Equation (3) can be employed in the finite volume method to compute the mass
balance for the fluid phases (Equation 6) explicitly. The finite volumes are cen-
tered around the nodes of the finite elements (Figure 1). Using the finite volume
technique, neglecting capillary effects, integrating Equation (6) over an arbitrary
volume Vi and applying the divergence theorem yields

∫

Vi

∂Sw

∂t
dVi = −

∫

Vi

(fw [vt + λn (ρn − ρw) g]) dVi +

∫

Vi

QwdVi (7)

Within each finite volume Vi, Sw is constant. Discretizations of Equation (7) using
Euler’s method leads to

Sk+1

wi = Sk
wi −

∆t

φiAi

ns
∑

j

(fwj [vtj + λnj (ρnj − ρwj) g]) · nj (8)

where
∑ns

j is the summation over all segments j belonging to the finite volume
Vi, ∆t is the time-step, Ai is the area of the control volume, nj is the outward
normal vector to segment j.

3.1 Second-order Accuracy and Slope Limiters

Equation (8) is solved in a fully upwind formulation. Using a first-order accurate
approximation, Swi is constant across volume i. First-order accuracy, however,
leads to diffuse and non-physical interfaces between the fluid phases. Hence, a
higher-order accurate approximation is needed.

Second-order accuracy can be achieved by computing a gradient of the sat-
uration S̃wi in the control volume Vi by using the least squares method to fit a
plane through Swi and the saturation values Swj at the n control volumes Vj that
are neighbours of Vi, such that Swi varies linearly in Vi. In two dimensions, the
gradient a satisfies

Ma = b

where

Mkl =
n

∑

j=1

(xk
j − xk

i )(x
l
j − xl

i) and bk =
n

∑

j=1

(Swj − Swi)(x
k
j − xk

i )

where x1
i and x2

i are the two-dimensional spatial coordinates of the centre of mass
of finite volume Vi, and x1

j and x2
j are the spatial coordinates of the centre of mass
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of the neighbouring finite volumes Vj . Applying the gradient a, the saturation S̃wj

in the finite volume Vi can be computed as

S̃wi(x) = Swi + a · (x − xi) (9)

where x ∈ Vi. Using S̃wi, a relation for the relative permeability, the mobility and
the fractional flow can be computed at the respective boundary segments of the
finite volume, and the finite volume formulation, equation (8) can now be solved
with second-order accuracy.

Although second-order accuracy is now achieved, it is essential to employ a
slope limiter to avoid spurious oscillations. In particular the limited function S̄wi

is obtained as
S̄wi(x) = Swi + Ψi (a · (x − xi)) (10)

where 0 ≤ Ψi ≤ 1 is a chosen limiter. With Ψi = 0, the saturation Swi is constant
in Vi resulting in a first-order scheme.

We use the MINIMOD limiter Ψj given by

Ψj = min [ri, 1] (11)

where

ri =







(Smax
wi − Swi)/(Swj − Swi) if Swj > Swi

(Smin
wi − Swi)/(Swj − Swi) if Swj < Swi

1 if Swj = Swi

and
Smin

wi = min(Swi, Swn), Smax

wi = max(Swi, Swn)

over all Swn corresponding to finite volumes Vn neighbouring Vi.

4 Numerical Experiment: Two-phase Flow in a Frac-
tured Reservoir

Faults in oil reservoirs have a strong influence on the total permeability of the
reservoir and cause difficulties when predicting oil recovery [13], [14].

In the following a numerical experiment is provided to test the applicability of
our method to reservoir simulations. The fracture is 10 cm wide and is represented
as a thin cut in a planview section of the reservoir. The oil has a density of ρn =
800.0 kg m−3 and a viscosity of µn = 5.0 × 10−3 Pa s−1. The water, which fills
the rest of the pore space, has a density of ρw = 1000.0 kg m−3 and a viscosity
of µw = 1.0 × 10−3 Pa s−1. The matrix permeability in the reservoir is set to
kf = 1.0 × 10−13 m2 while the fracture permeability is km = 1.0 × 10−09 m2.
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The matrix porosity is φm = 0.1 while the fracture porosity is φf = 1.0. The
oil saturation is Sn = 0.9 in the reservoir and Sn = 0.0 elsewhere. The water
saturation is Sn = 0.1 in the reservoir and Sn = 1.0 elsewhere. The well is 20
cm in diameter and its casing has a permeability of kw = 1.0 × 10−10 m2. The
pumping rate is 1.16 × 10−4 m3 s−1. This rate leads to steep pressure gradients
such that capillary effects can be neglected.

The following relative permeability relations are used in the simulations

krw(Sn) = 1.0 − 2.7674Sn + 2.692S2

n − 0.9381S3

n

and
krn(Sn) = 1.8038Sn − 2.0551S2

n + 1.243S3

n

which are least square fits through relative permeability values that were measured
in experiments. Golder Associates (www.golder.com) provided the data to us. Our
numerical methods are implemented in the object-oriented C++ code CSP3D3.0
[15].

To study the effects of buoyancy forces a well with 2 m open casing is located
above an inclined fracture (Figure 2) is considered. The oil reservoir is located
underneath the fracture. The saturation at the bottom of the oil reservoir are held
constant implying that the oil reservoir extends across the model boundaries. The
model dimensions are 100× 80 metres. The unstructured mesh consisted of 9544
finite elements and 4875 finite volumes (8 MB storage requirements for the grids,
CPU time on a standard 667 Mhz Pentium III is 8.5 minutes to simulate 10 days
of pumping).

Pumping Well

(2 m open casing,

20 cm diameter)

Top of Oil Reservoir

(Dirichlet Boundary Conditions at Bottom)

Sloping Fracture 

(< 10 cm wide)

Figure 2: Model setup (cross section) for the simulation of pumping of an oil
reservoir with an thin, inclined, and highly permeable fracture above the reservoir.
Model dimensions are 100 × 80 metres.
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Figure 3: Oil saturation (volume fraction) after 2000 days of pumping. Oil satu-
ration is shown in rainbow colour shading (red = 0.9, blue = 0.0). Contours depict
the relative fluid pressure (with buoyancy effects). Note how the fracture and the
buoyancy effects disturb the fluid pressure field. The oil is then forced into the
high permeable fracture from which it progresses towards the well.

The numerical simulation (Figure 3) shows how the inclined fracture disturbs
the fluid pressure gradient caused by the pumping. The fluid pressure gradient
underneath the fracture is reduced, which forces the oil to rise upwards in distinct
fingers. In between the fingers, the denser water sinks down into the oil reser-
voir. Those oil fingers, which are displacing the water, are due to the buoyancy
effects, because the difference in the fluid densities imposes a stronger fluid pres-
sure gradient underneath the fracture than the pumping. Neglecting buoyancy,
the oil would still rise upwards rather uniformly. When the oil reaches the high-
permeability fracture, it is drawn into the fracture from which it departs into the
well. Figure 3 shows the oil saturation and relative fluid pressure after 2000 days.
The total velocity vt varies from 3.6 × 10−12 m s−1 to 4.6 × 10−5 m s−1.
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5 Conclusion and Outlook

We have combined a finite element-finite volume method with node-centred finite
volumes constructed on a triangular finite element grid in an implicit pressure ex-
plicit saturation approach. This was founded to be an efficient approach to model
two-phase flow of incompressible fluids in geologic media with complex geomet-
rical structures and large variations in the hydrological rock properties (perme-
ability, porosity) and velocities. Using higher-order finite volume methods, very
accurate numerical solutions can be achieved. Furthermore, the node-centred fi-
nite volumes do not require the use of a mixed-element formulation to solve for
the fluid pressure and fluid velocities simultaneously. Thus, the method can deal
with discontinuous changes of the material properties. Furthermore, the construc-
tion of large global matrices is avoided, which partly compensates for the storage
required by the construction of the finite volume subgrid. However, the storage
necessary to construct a 3D finite volume subgrid from tetrahedral elements sig-
nificantly increases making the method less efficient for 3D simulations.

The proposed method is being extended to model the flow of compressible
fluids and to include an equation of state to simulate the flow of miscible fluids
(e.g., water and steam) in a variety of geological environments. Capillary pressure
relationships will also be included such that capillary effects can be modelled
accurately.

References

[1] Ambrosi, D., Corti, S., Pennati, V., and Saleri, F., Numerical simulation of
unsteady flow at Po River delta. Journal of Hydraulic Engineering, 122,
735-743, 1996.

[2] Aziz, K. and Settari, A., Petroleum Reservoir Simulation. Applied Science
Publishers, 476 pages, 1979.

[3] Bergamaschi, L., Mantica, S., and Manzini, G., A mixed finite element-
finite volume formulation of the black-oil model. SIAM Journal on Scien-
tific Computing, 20, 970-997, 1996

[4] Boris, J.P. and Book, D.L., Flux-corrected transport. I. SHASTA, A fluid
transport algorithm that works. Journal of Computational Physics, 11, 38-
69, 1973.

[5] Durlofsky, L.J., A triangle based mixed finite-element-finite volume tech-
nique for modeling two phase flow through porous media. Journal of
Computational Physics, 105, 252-266, 1993.

10
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