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Abstract

Invariant subspaces are well documented in the literature and approximations for them
exist. Approximately invariant subspaces have properties that are highly desirable for
iterative solution strategies of large sparse matrix systems and for approximating Ritz
values and Ritz vectors of such matrices. It is often a difficult task to identify an
approximately invariant subspace numerically. In this work a new definition is
proposed that can assist with the task of identifying when a subspace is approximately
invariant by measuring the sine of the angle between the image of any vector in the
subspace and its orthogonal projection onto the subspace. In particular the effect that
different bases have on this measure is anaysed. Findly, the definition is used to
provide theoretical error estimates when solving systems of equations or the eigenvalue
problem.

1. Introduction

The solution of a system of linear equations ! X B, when the Ng N coefficient
matrix ! islarge and sparse is of considerable interest in a variety of applications in
science and technology. The most popular iterative techniques utilise Krylov methods
to construct a subspace on which the solution can be approximated. If ! is nonsingular,

the system has aunique solution X%K ! B $PAN\B! B! BK ! B", where

M is the algebraic grade, which is the degree of the minimal polynomia of ! . For
matrices that are diagonalisable M is the number of distinct eigenvalues and can range
from to N If M is smal, the ! RNQD decompostion, or , ANCZ5 method for

symmetric matrices, converges rapidly as implemented in ' - 2%3 K (Saad and
Schultz, 1986; Saad, 1996) or - ). 2 %3 (Paige and Saunders, 1975). The criterion for
terminating the sequence is to monitor the norm of theresidual R B ! X.

There are, as with any iterative methods, some drawbacks in implementing a Krylov
method and these should be mentioned. If ! is singular, Krylov methods can fail to

converge, even if the system has a solution (Ipsen and Meyer, 1998). If ! is a Jordan
Block of order N, then M = N, which is not a practical option since the residual may
not converge to zero until Niterations (Ipsen and Meyer, 1998). Furthermore, as far as
can be ascertained from the literature for * - 2 %8AAYPE algorithms, some value for K
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in' - 2%3 K is arbitrarily chosen for restarting the process in order to reduce

computationa difficulties that may arise when dealing with large dimensional Krylov
subspaces, including for example, large memory requirements and potential loss of
orthogonality in the orthonormal basis. However, in many cases, after a certain number
of restarts, the small reductions encountered in the residual may not justify the
expanded work. From the experience of the authors, there appears to be an optimal
value, which here will be referred to as the geometric grade | that provides

approximately the same result as K? | but is well short of M. This concept is

introduced in terms of approximately invariant subspaces and will be elaborated on in
future research.

In the next section of this paper a solution methodology is analysed that enables the
problem ! X=B in %o to be reduced to a more tractable problem €Y =7Z on alow

dimensional subspace. Then the notion of approximately invariant subspaces as
required for this study is discussed. This concept is not new (Stewart, 1998) but the
approach proposed here is believed to be more direct because it helps answer the
guestion of how the choice of the basis affects the error in solving the system equations
or the algebraic eigenvalue problem. The following section examines theoretical error
bounds on these two standard numerical linear algebra problems and then two case
studies are provided that assess the proposed theory. Finaly, the main conclusions of
the work are summarised.

2. Solution Methodology
In what follows let ! be a large sparse N° N matrix. Clearly in this case it is not
practical to solve the linear system! X =B using classical direct or indirect methods. A

better strategy isto try to construct alow dimensional subspace that captures B

%00

Figure 1: Construction of Low dimensional Subspace

The question that arises is what is the link between the origina problem ! X=B and
the low dimensional problem €Y =7, where € isa K~ M matrix? To answer this
question, consider the diagram in Figure 1, together with the following terminology.



Given an M-dimensional subspace 6 | %o, let the Ng M matrix 6 = VK Vy
have the basis vectors for 6 as its columns. Consider the transformation | 6 ® 7
where 7 is a Kdimensional subspace with the NgK  matrix

7 =gWK Wy KEM having the basis vectors for 7 as its columns.
6 and 7 denotetheleftinversesof 6 and 7 respectively. The actionof ! ona

vector VI 6 produces an image vector in %o that can be projectedinto7 viaP ! V.
Consequently, | canbedefinedby | P =P | ,since P V= V. From the figure one
seesthat V. P X 6Y.Both!V 16Y IP6YandW P B aecontainedin

7 , which enables the solution to be found in %o using the left inverse of 7 asfollows:
7 I'P6Y z 7 P B.
Define® by 1 6 © I P 6 =7 B, then the above system is equivalent to:
ey z

Clearly,! canberelatedto © accordingto € =7 1P6 =7 P !6.

If | isnonsingular and 7 istakenas 7 =16 =@ VK |V gthen7 =! (6) is
an M-dimensional subspace. If 7 =12 isthel1l2 decompositionof 7 , P =11
and 7 =271 is the left inverse of 7. A Kkey observation is that
7 P =2"111 =21 =7 , sotha one can interpret the effect of 7 as
first a projection onto 7 followed by inversion to %o . Thus, € =7 ! 6 and the
origina system! X ABin %o isapproximatedin %o by

EY=7 B (1)
The solution XA 5 Y, where Y satisfies (1) or equivalently,

116Y=18B

is the least squares solution on 6 of ! XA AB. If BT 7 , the solution is exact;
6 (8)

I8

relative error in effect measures the relative residual of the least squares solution on 6,
if (1) can be solved exactly.

otherwise, the relative error is , Where P isthe projection onto 7 . This

In constructing the subspaces 6 and 7 , one has the primary aim in mind to capture B

in7 , giving riseto the following test:



4ESA Is

<e foragiven e?

If 6 can befound of low dimensionality such that B satisfies 4 ESIA | it is easy to obtain
the solution of the linear system.

The eigenvalue problem ! X=/X on % becomes FY=gY on % , where g
approximates / as the eigenvalue and X=6Y the corresponding eigenvector. The

pair (g X) isknown asthe 2 ITZPAIRof ! on6.

2.1 Potential Problemswith this Solution Methodology when using6 =K (B! )

1. If ! issingular, Krylov methods can fail to converge, even if the system has a
solution and M is the algebraic grade. This situation is illustrated in the following
diagram whereit canbeseenthat 7 1 6 but Bisstill not capturedin 7 .

- @

2. Evenif ! isnonsingular, Krylov methods may still fail to converge if M is less
than the algebraic grade. The following diagram shows that even though 6 and 7
overlap it till may bethat 7 does not capture B.

3. How does one decide on the size of M?

3. Invariant Subspaces

If 6 is an invariant subspace of ! IE ! X116 "X16 or7 |6 ,andif! is

nonsingular, then 7 =6 . The methodology presented above is simplified
considerably and all that is required to devise an efficient numerical strategy for

solving a large sparse matrix system is to capture Bin 6. However, ensuring that B is

contained in an invariant subspace 6 is not straightforward and still remains one of the
grand challenges of current worldwide research in such solution strategies.

Equation (1) when 6 is an invariant subspace becomes:

6 !16Y=6 B.



If BT 6 , one easily finds an exact solution. If | is singular, then even if BT 6 , B

may not bein 7 and thereisno guaranteethat ! X = B will haveasolutionin 6.

On the other hand if one is considering the algebraic eigenvalue problem ! X =/ X on
an invariant subspace 6, one can aways find eigenpairs (/ X=6Y) of ! on 6 by
solving

6 16Y=/Y

Note: If 6 isinvariant,then! 6 =6 €.

Some examples of invariant subspacesof ! arelisted as follows:

F{} 1 % 1l NUPAEN (') IVRNER(!) V +RMO/SBPAEK (! B)
with M the algebraic grade; M %d@NFPACE belonging to eigenvalue/ ; M1 SPAN of
asubset of eigenvectors of A.

4. Approximately Invariant Subspaces

In general it is hard to detect a fully invariant subspace and as a consequence, an
approximation is constructed. This approximation is motivated by the idea that if b is
B- P (B) _ .

f———= must be small, as illustrated in the

B

close to subspace W then SNg = |

following diagram:

where Ris the angle between b and its projection onto W.

This concept leads to the following definition, which tests all vectors in the subspace to
identify an approximately invariant subspace.

Definition 1: Let ! 6 ® 7 where6 isasubspaceof %oand7 =! (6 )1 %o . If
MAX”! X-P (1 X)| .

" I

6 will be defined as an APPROIMATELYANVARANTAS BSPACE of | of order T(CR e) .

=e )

This definition is equivalent to saying

[w- P oW
MAXf——— =
i I

1

INg <e (9



where g is the angle between W and its projection onto 6. Clearly, if 6 is an

approximately invariant subspace, then every basis of 6 satisfies (2). The converse, as
seen in the following Lemma, isonly partially true.

Lemma 1: If$abasis{U} of 6 such that

fu-p(u),
=d l= KM

| U||
then 6 is an approximately invariant subspace of ! of order e = WO’ , Where m
isthe minimum 2 ITZA/ALEof | | on6.
Proof: Without loss of generality, assume U are normalised, |E ||U|| = . Any
X1 6 canbewrittenas X=g§ CU =5C\ | X=§ C! U
Now (Exclude! X= ),

I x-P x||_H6}C(' u-Pp( U))H
! >4| I X
_akclvl a et U|| i 1o alc| A
I (E I'5d

where § |c| =IG £MIG . Hence, l\/llAX||| x-||lp)q|(! X)|| £ I t/md where

I'5 . . : -
m = I\{IIN% is the smallest singular value of ! 5 or m is the minimum

1

eigenvaueof 5 ! ' 5 IE m istheminimum Ritzvalueof ! ! on6.

Notes: (i) The hypothesis of Lemma 1 can read: Let {U} be a basis of 6. If $
constants B such that

‘! U-§BU
. < " =el= KM
|+ v
then, 6 isan approximately invariant subspace of ! of order e = ” [v™ d.The

m
reason for this restatement is the well known result



[ru-p u)||£H! u - éBuH "B.

(i) Changingthe basisin Lemma 1 will result in adifferent d. Thus, using one basis
may lead to a conclusion that the space in approximately invariant that could not
be detected using another basis.

The discussion of inexact invariant subspaces given by Stewart (1998) follows from
Lemma 2.

Lemma 2: If 6 contains as its columns normalised basis vectors of an approximately
invariant subspace 6 , then

16 =6" +% where % £|! | Ne
Proof:

Let! V=P (IV)+E adset P (1 V)=6B " =gB K B §j %=¢gEK E j

|4 _'6-6"]
VN VN

E'6-6"| =MAXG

(16-6") |:MAXH! V- éBvH

£MA><JNH! V- éBvH £WN|! e

5. Error Bounds

In this section theoretical error bounds will be derived for the residuals associated with
the solution of large sparse, linear system and the algebraic eigenvalue problem. In the
perfect world these bounds would be sufficient to compl ete the treatise of solving these
two problems on approximately invariant subspaces. Unfortunately, in the
computationa world other sources of error can manifest and this section is closed with
a brief discussion of potential inaccuracies that can arise with the theoretical error
bounds given below in Theorems 1 and 2, including the impact of floating point
arithmetic.

An estimate for the error in 4 BSIA is given by the following theorem.

Theorem 1. Let 6 bean approximately invariant subspace of a nonsingular matrix !
of order o with /. bass{V} 6=gvK Vgad7A A6, If

BI6 aid 6 7 is nonsingular, then 4ESIA is satisfied with
e=W| |6 7) |-
Proof: Let W =! V. Given HW - & (w v>vH =] £ |a.

Consider,



if we choose § b <W V> =<BV > . This requires the solution of (6 7 )b =6 B,

which inturn, requiresthat 6 7 benonsingular.

Hence,
B-a 6Ww| Jlbl| |d
|e- P <B>||£H a H;’z" 19 jop e
B 2] 2] 2]
M5 | _
£Wd£||! (e 7 ) |t
using b=(6 7) 6 Band[6] = (6 6 =)).

Notes: (i) Toseethat 6 7 isnonsingular in most cases, consider 6 7 C= . Either
7 C= or W=7 C"6 . The former is impossible, since 7 has linearly
_lw- ) _[w- P oow

I Ml
not possible. A possible problem does arise however if one of the V is

independent columns. For |atter, <d, whichis

orthogonal to 7 .

@it) If! issymmetric, then
Y 6 !6Y£b6 '6b _b6 B

m = MIN =
Y'Y b b 6]
_(65) B_[6o]I8l, |8
| o] (=
B- P (B I
and therefore, M£— |E ” ( )” £ ” ||Nd where m is the minimum
I8 m =] m

Ritzvaueof ! on6.

Theorem 2. If (g X) isa2ITZ2PAIRof ! on an approximately invariant subspace 6
of order e, then ||! X- gX|£]! | e.

Proof:  Since  X=86Y, I X=16Y=(6" +%Y=g6Y+%Y, where
6 %= and"Y=qgY. Thus, P (! X)=¢g6Y=gX. Hence, taking [XI= ,

It X- g =]t x- P (1 X)| £ el Y Ee] |,



5.1 Potential Inaccuraciesin the Theoretical Bounds
Consider the solution of the problem ! XA 2B by the methodology described in section
2. Theresidual

|B-1 X =[B-P (B)+P (B)-P (1 X)+P (1 X)-!X
E|B-P (B)|+|P (B)- P (1 X)|+[P (1 X)-1X

consists of three terms. The first term expresses how well B is captured in 7 . The

second term gives the error in solving the problem on the low dimensional subspace,
i.e. the " exact reduced problem” which theoretically should be zero but depends on the
errors due to the method employed and inexact floating point arithmetic. The third

term expresses how well 7 captures the image of 6. If one chooses 7 such that
BI 7 then thefirst term is zero and the error comes from the third term. To minimise
theerror 7 =1 (6 ) is chosen so that the last term is zero and then choose 6 to be

approximately invariant so that the first term will be reasonably small. These issues
will be addressed rigorously in future research work to be undertaken by the authors.

6. Case Studies

In order to test the theory proposed in sections 4-5 above, two case studies have been
chosen. The test matrices analysed were generated from the discretisation of three-
dimensional partia differential equations of the following form:

A X

<« +<K H + B X (3)

IIIIIIIIIJ

O
X
a

A cube shaped region was used for the computational domain and the Dirichlet
condition K was adopted at the boundary. Since only the discretisation matrix is

of importance for the analysis performed here, the right-hand side function g was not

considered. Note that in the two cases discussed throughout this section, classical finite
volume strategies were used to derive the discrete analogues of (3) and all of the
developed agorithms were implemented in Maple verson 6 running under the
Windows NT environment.

The following bases were assessed for the detection of an approximately invariant
subspace according to Lemma 1.
(i) Krylov Basis with Modified Gram-Schmidt Process used to generate the
standard ON Basisfor6 =K (B! ):
5=g8!BK ! "B°12
5 NSIABE BUT GCONVERGENT SHQUENCE
(i)  Arnoldi Method used to Generate ON Basisfor6 =K (B! ):



Mt 1
SIABR EABUTACESANOTAPRCDUEAN ACONVEREENTAEQLUENCE
where ( is an upper Hessenberg matrix with its elements defined by the
Arnoldi algorithm.

Arnoldi basis is not a converging sequence, however since both bases span the same
approximately invariant subspace the 5 basis can be expressed in terms of 1

(Arnoldi) basisas 5 = 1#, where # = (C ) is an upper triangular matrix. Thus, it is

possible to relate one basis to the other during the subspace generation in ' - 2 %3.
The coefficients C can be generated recursively and this idea will be the topic of

future research.

6.1 Case Study 1: Isotropic Model

In this case study the parameters A XYZ BXYZ CXYZ were employed
in (3). Thedimensions of the sysstemwere N N N which generated a totd

of unknowns.

147 0.0011
121 ]
0.0005
104 ]
] 0.0005
51 0.0004]
o] ]
2-
a g 10 15 21 2 73 24 25
- AIRXA UTIPUE 1- - AIRXA UTIPUE
0.8
] I RODIA A9 SR ADCESINOTAPRIDUCE
0.6
SNg |
0.4+
0.2
- 0 15 20 25
- ARXA UTIPLE
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Figure 2: Results for the Isotropic Case Sudy - (a) Reduction in the residual and (b) The performance
of Lemma 1 on detecting the approximately invariant subspace.

The initial approximation X K was used in' - 29%3. The norms of the
system were [ | = U], = ['] = I8 = and the
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condition number of the coefficient matrix was K (! ) = . The spectrum

of eigenvalues ranged between M AND M

Theparameter d = °~ ~ inLemmal enabled the approximately invariant subspace
to be detected with dimenson M = and the norm of the solution residual
computed from ' - 2%3 was R = . Note that SNg refers to the

test in Lemma 1 using the last basis vector in the ! )3 since the other basis vectors in
the subspace theoretical aready satisfy the condition. The statistics generated by the
' - 2983 agorithm are exhibited in Figure 2, where the reduction in the residual and

the sensitivity of the bases used to detect the approximately invariant subspace (! )3)

|
can be observed. The order of the ! )3 W856=M0'= d and
m

Lemma 2 gave |! 6 - 6" = © 7 £V Ne= © 7. Clealy
only the use of the standard Krylov basis was suitable for detecting when to terminate
the subspace generation. The Arnoldi basis produced a pronounced oscillatory
behaviour in SNg which makes it impossible for detecting the approximately

invariant subspace dimension.

6.2 Case Study 2: Anisotropic Model
The situation was exactly the same as stated above for the isotropic model, however,

the functions A XY Z BXYZ CXYZ were used. The norms
of the system in this case were computed as
I = Il = I = I8 = and  the
condition number K (! )= . The spectrum of eigenvalues ranged
between / = AD / =
1_
141
124 0.8
107 NG 06 | RNODIA ASS
IR g
B 0.41
4.
0.21
2_
- | _ . STANDADI+ RIOA A3E T
0 R 0 5 0 15 AWk
- ARXA UTIPUES - ATRXA UTIPUES

@ (b)
Figure 3: Results for the Anisotropic Case Sudy. (a) Reduction in the residual and (b) The performance
of Lemma 1 on detecting the approximately invariant subspace.
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In this case the parameter d= ~ =~ in Lemma 1 enabled the approximately
invariant subspace to be detected with dimension M = and the norm of the

solution residual computed from ' - 298 was |R = . The

complete statistics generated by the ' - 2%3 agorithm are exhibited in Figure 3,

|
W
m

where the order of the ! )3 is e = d and Lemma 2 gives

|"6-6"] = © 0 E]M]Ne=

7. Conclusions

In this paper a new definition of an approximately invariant subspace was introduced
that could be useful for solving large-scale linear systems or the algebraic eigenvalue
problem. The sensitivity of the basis used for detecting when a subspace is
approximately invariant was elucidated and using the definition, theoretical error
bounds were placed on the two standard numerical linear algebra problems, which will
be the subject of further investigations. Future work also must consider how these
theoretical results transfer to floating point computations. The primary objective of this
work was to lay solid theoretical foundations that could pave the way for developing a
new solution strategy which can overcome the problems associated with Krylov
methods discussed in the introduction. Krylov subspace methods seek to construct an

approximately invariant subspace of low dimension that contains B and hopefully the
solution X of ! X=B. A more direct approach might be to construct an invariant

subspace of low dimension that contains the solution X. The theory proposed here can
enable this possibility to be examined rigorously in future research.
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