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Abstract

In this work the control volume finite element (CVFE) method is used to discretise a
two-dimensional advection diffusion transport equation. A travelling Gauss pulse is
chosen as the benchmark problem since an analytical solution can be exploited to assess
the accuracy of the proposed computational scheme. Unstructured meshes consisting of
triangular (linear) elements and quadrilateral (bilinear) elements are used for the
background interpolation meshes. Control volumes are constructed around the nodes
using the vertex centred approach. First order and second order temporal and spatial
weighting schemes are analysed in order to identify the most accurate combination for
use in the CVFE method. The impact that these weighting schemes can have on the
performance of the linear iterative solvers GMRES and BiCGSTAB is also considered.
The results highlight that the second order temporal scheme combined with flux limiting
can substantially reduce numerical dispersion in comparison with upwinding schemes for
relatively coarse meshes.

1 Introduction

The motivation for this work arises from the need to develop an efficient and accurate
computational model for wood drying. Two and three-dimensional models that account
for the heterogenous nature of the wood, such as growth rings, must be developed for the
purposes of furthering the fundamental understanding of the drying process. Due to the
inherent complexity of the model, unstructured meshes must be used to describe the
computational domain. Additionally the governing equations for the drying process are
highly non-linear and hence require a non-linear solver. In the past, the control volume
finite element (CVFE) discretisation process [4,9] had been used to discretise the non-
linear partial differential system that describes the drying process. This method will be
analysed in detail here and applied to a benchmark problem that admits an analytical
solution in order to assess its accuracy and efficiency, and to identify the best
combination of spatial and temporal weighting schemes to be used on unstructured
relatively coarse meshes to ensure accurate results. Two important ingredients in this
computational model will be flux limiting, which is a scheme that reduces numerical
dispersion, and an inexact Newton method, which resolves the non-linear system at each
time level in order to advance the solution of the transport equation in time. Flux limiting
has been utilised with great success in the past for drying [12] and for reducing numerical
dispersion of the contaminant mole fraction fronts in multi-phase compositional
computational models [5,6,13]. It is well known that a great deal of care must be taken
with the treatment of the advection and diffusive terms that exist within complicated
conservation equations in order to ensure monotonic solutions. The use of classical
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upstream weighting for these terms may induce excessive numerical dispersion. The
complete description of how to implement the inexact Newton method, together with a
discussion of the approximation of the Jacobian matrix and the solution of the linearised
system using preconditioned Krylov based methods such as BiCGSTAB [14] and
GMRES [10] will also be presented.

2 Computational Model

The objective of this research is to formulate a generalised solution methodology for
complicated non-linear transport equations of the following form:

( ) ( )jj
j

Ñ×Ñ=×Ñ+
¶
¶

Dv
t

 , Xx ££0  , Yy ££0  , Tt ££0 . (1)

Here the study is restricted to two dimensions on a finite rectangular domain. The
boundary fluxes take the following form:

( ) ( )¥-=×Ñ- jjjj bb hnDv ˆ (2)

where bn̂  is the outward unit normal at the boundary b , and initially:

( ) 00,, jj =yx  , Xx ££0  , Yy ££0  . (3)

2.1 The Control Volume Finite Element Discretisation Method

To solve the generalised transport equation numerically equation (1) must be discretised
and in this work the CVFE method is chosen for this discretisation process. The transport
equation is firstly rearranged into the following form, where J  denotes the flux vector:
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The domain of the problem is meshed with finite elements of either triangular or
quadrilateral shape, see Figure 1(a). The control volumes (CVs) are placed around the
node points, which are the vertices of the elements and also the locations where the
values of the discrete variables are associated. The vertex centred scheme is used
whereby the vertices of the CVs are placed at the centroids of the mesh elements. The
CV faces are in this case the lines joining these vertices to the mid-point of the lines
joining the finite element vertices, see Figure 1(b).

(a) (b)

Figure 1: (a) Typical finite element mesh used for the calculations
(b) Control volume construction using the vertex centred scheme
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The CVFE method was chosen because it can be applied very easily to an unstructured
mesh. The method also ensures that the basic physical quantities, for example mass and
energy, will remain conserved at a discrete level rather than just over the entire domain.
More importantly the method is flexible in that it allows for a number of different
possibilities for approximating the flux though the CV face.

To apply the CVFE method equation (4) is integrated in both time and space. Firstly
integrating in space over the CV and applying the Divergence Theorem gives:
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The surface integral is approximated by the sum of the fluxes evaluated at an appropriate
point on the CV face multiplied by the corresponding face area:
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Secondly integrating in time from the current time step to the next time step gives the
following discrete analogue of the transport equation:
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The parameter a  allows for the following three possibilities: a fully explicit system with
0=a , a fully implicit system with 1=a , and a second order implicit system (Crank-

Nicolson) with 5.0=a . The fully explicit scheme is not considered here due to the
restrictive constraint imposed on the time step and mesh size. The fully implicit system is
only first order in time but is stable. The Crank-Nicolson system is second order in time,
however it may become non-monotonic for particular time step and spatial step
combinations, causing non-physical results.

2.2 The Non-L inear  Solver

Applying the discretisation formula (7) to the thi  CV in the mesh, a corresponding non-
linear discrete equation results, which is denoted by iF  (the thi  coordinate function of

F ). For a mesh with N  node points there is a system of N  non-linear equations, that
must be solved simultaneously for each time step in order to advance the solution in time.
Let the system of equations be expressed as follows:

( ) 0=uF  , ( )T
NFFFF ,,, 21 K= , ( )T

Nu jjj ,,, 21 K=  . (8)

The above system is non-linear and can be solved by Newton’s method [3], where J  is

the Jacobian matrix and ( )kud  is the Newton correction:

( ) ( ) ( )kkk uuu d+=+1  , ( )( ) ( ) ( )( )kkk uFuuJ -=d  . (9)

The Jacobian matrix must be generated and then the corresponding linear system solved
for each iteration of the Newton method. In this work this large sparse matrix system will
be solved with both BiCGSTAB and GMRES with various preconditioners. The Newton
iterations are referred to as the outer iterations and the iterations of the matrix solver are
referred to as the inner iterations.
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Depending on the method used to calculate the flux, the function for a particular node i
depends upon only a subset of the entire solution vector. Typically this subset may
consist of the neighbouring nodes of the node i . Hence the Jacobian matrix is sparse and
requires an appropriate data structure for its storage and efficient manipulations for
matrix multiplication and preconditioning purposes.

The Jacobian matrix contains the derivatives of the function F  with respect to the

independent variable. For example the thi  row of the Jacobian would require the
derivatives jiF j¶¶ , most of which would be zero except for when j  is equal to one of

the neighbouring nodes or i  itself. For example, if the node )( Ni -  was a neighbour of

node i , then the thNi )( -  element in the thi  row of the Jacobian would be calculated as
follows:
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The construction of the Jacobian matrix requires the derivatives of the accumulation term
and all flux terms, including the boundary fluxes. To calculate these derivatives the
following first order numerical approximation is used:
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Therefore to build the Jacobian matrix and the right hand side vector, the flux terms
together with the shifted flux terms must be evaluated. This process can be costly.

2.3 The Flux Function and Flux L imiting

The flux at the CV face has two components, the advective term and the diffusive term:

( ) ( ) ( ) ( ) ( ) ( )DIFFADV nJnJnDnvnDvnJ ×-×=×Ñ-×=×Ñ-=× jjjj  . (12)

Each must be treated in its own right to ensure an accurate and monotonic solution.

2.3.1 The Diffusive Term

For the diffusive term jÑ  and D  must be evaluated at the CV face. To calculate jÑ  the

finite element shape functions are used. For a quadrilateral element these shape functions
are bilinear and for a triangular element they are linear. A transformation from the global
coordinate system to a local coordinate system is used for all interpolation purposes, see
Figure 2. The formulas for jÑ  and D  are given, where M  is the number of node points

for the element and the kN  are the shape functions:
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The gradient of the shape functions are calculated in global coordinates as follows:

÷÷
ø

ö
çç
è

æ
¶¶-¶¶

¶¶-¶¶

-
=÷÷

ø

ö
çç
è

æ
¶¶

¶¶
=Ñ

hx
hx

hx

xh

hxhx kk

kk

k

k
k NxNx

NyNy

xyyxyN

xN
N

1
 . (14)



5

Figure 2: Global and local coordinate systems for a quadrilateral element

2.3.2 The Advective Term

The advective term is treated differently to the diffusive term in an attempt to account for
the flow component and to ensure physical behaviour of the solution. Here j  must be
approximated at the representative point on the CV face, since v  can be also a function
of j . Firstly two node points are selected, where these are the nodes that constitute the
element face that cuts the CV face on which the flux is being evaluated. Referring to
Figure 2 these are nodes 1 and 2. The first method analysed simply takes the average of
j  at these two node points. This averaging method can be shown to be second order in
space, however the resulting numerical solution can easily become unstable because of
the stability requirements associated with this spatial weighting method [7,8]. The second
method analysed is upwinding, where the direction of flow is detected via the sign of the
velocity component. The upwind node is then used as the CV face representative point.
While this method is stable it does however introduce a large amount of numerical
dispersion [7,8].

The third method analysed is flux limiting, which has been found to produce superior
results to upwind schemes by reducing the amount of numerical dispersion [2,6,12]. This
method requires both the upwind and downwind nodes, and also the second upwind
node. The second upwind node is found by using the maximum flow method, which
seeks to track the location of the streamline from the upwind node. Referring to Figure 2,
if node 1 were the upwind node and node 2 the downwind node then the second upwind
node would be selected from nodes 4,5 and 6. The general formula for flux limiting is
given as follows:
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where in this work the sensor r  is the ratio of the gradients. The limiter function ( )rs
must have a range [0, 2], where 0 gives upwinding, 1 gives averaging and 2 gives
downwinding. The following limiters were investigated. The linear limiter [11] given by:
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The popular van Leer limiter [15] defined by:
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The parabolic limiter [1] which attempts to avoid any downwinding by capping the
function at a value of 1, whilst maintaining a smooth transition between the two curve
components:

( ) ( )
î
í
ì

³

<-
=

1

1

1

2

r

r

if

ifrr
rs  . (18)

2.4 Implementation Techniques

Two techniques are used in an attempt to reduce the overall CPU time requirements of
the computational model outlined above.

2.4.1 Fur ther  Approximations for  the Generation of the Jacobian Matr ix

The calculations required to produce the Jacobian matrix can be reduced by assuming
that the flux can be split into implicit and explicit components at a given Newton
iteration. Implicit components remain in the Jacobian matrix whilst explicit components
appear only in the function vector. Firstly the fill-in caused by the flux limiter is ignored,
which has been shown to be an acceptable approximation [6]. Secondly only the two
nodes that constitute the element face that cuts the CV face on which the flux is being
evaluated, are treated as implicit components. This is referred to as the two-node
Jacobian approximation. Both of these approximations reduces the number of flux
derivatives to be calculated.

2.4.2 Adaptive Time Stepping Strategy

The adaptive time stepping strategy proceeds by allowing the time step size to vary
throughout the computations, depending on the rate of convergence of the Newton
solver. The time step is increased whilst the convergence is relatively fast. If the time
step becomes too large and non-physical results are produced, the time step is then
reduced until convergence becomes stabilised.

3 The Benchmark Problem

Although the computational model described above is suitable for both non-linear and
linear transport models, here in order to assess the accuracy of the numerical scheme
constant parameters are assumed for both D  and v  of equation (1). This assumption

enables an analytic solution to be used for benchmark purposes. The diffusion tensor and
velocity vector are chosen as follows:
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The problem is solved on the domain, Xx ££0 , Yy ££0 , for Tt ££0 . Initially a
two-dimensional Gauss pulse of unit height and centred at the location
( ) ( )5.0,5.0, =cc yx , see Figures 3(a) and 4(a), is assumed:
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The exact solution for the above region is then given by:
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The four boundary conditions for the rectangular domain can be obtained by substituting
0=x , Xx = , 0=y  and Yy =  into equation (21) respectively.

The numerical schemes discussed in the next section will seek to find the solution on the
domain 20 ££ x , 20 ££ y , at the time 25.1=t  seconds. At which time the pulse has
been reduced to a height of 166667.0  and centred at the location ( ) ( )5.1,5.1, =yx , see
Figures 3(b) and 4(b).

4 Discussion of Results

For the results that follow the numerical solutions were computed on the domain
20 ££ x , 20 ££ y , at time 1.25 seconds . The accuracy of the computed solution is

monitored using two error parameters, which allows for comparisons to be made between
the different numerical schemes. The first is the peak height which is used to compare the
amount of numerical dispersion. The second is the RMS error which measures the quality
of the solution in comparison to the analytical solution. It is scaled by the number of
nodes N  so that comparisons can be made with different mesh sizes, defined as follows:
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The CPU time required to generate the numerical solution along with the total number of
inner and outer iterations is also recorded, so that the computational efficiency of each
scheme can be gauged. The numerical solution is computed on two different mesh sizes
for both quadrilateral and triangular meshes, refer to Table 1.

Quadrilateral Mesh Triangular Mesh
Elements Nodes Elements Nodes

Coarse Mesh 3969 4096 6382 3282
Fine Mesh 10000 10201 15206 7764

Table 1: Element and node numbers for mesh type and size

4.1 First and Second Order  Temporal Weighting, Upwinding and Flux L imiting

For the analysis of the computational methods that follow within this section GMRES
with ILU(0) right preconditioning was used for the linear solve. Note also that the RMS
errors and peak heights given below are for the coarse triangular mesh, for the results for
all mesh types and sizes refer to Table 2.

Firstly a first order temporal and first order spatial (upwinding) method was investigated.
While this method is very stable in that it does not produce non-physical results even for
relatively large time step sizes, the RMS error is large (1.51e-4) and the numerical
dispersion is even worse (peak height of 0.070), see Figures 3(c) and 4(c). For this
method the time step size was fixed at 0.0125 seconds, since further reduction in the time
step gave little improvement in the quality of the numerical solution. Further, whilst
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using a larger time step still produced physical results and required less CPU time, it also
increased the error and numerical dispersion.

Next a second order temporal and first order spatial method was considered. For this
method an initial time step of 0.025 seconds was used with the adaptive time stepping
strategy as outlined in section 3.4. Since the method is second order in time the time step
can be increased whilst still maintaining accuracy. Thus even though the error (1.32e-4)
and numerical dispersion (peak height of 0.082) are similar to that of the first order in
time method, the CPU time has been reduced, see Figures 3(d) and 4(d).

The next scheme analysed was flux limiting, which increases the spatial order of
accuracy and also makes use of the second order temporal scheme outlined above. The
flux limiter used here is the van Leer limiter. When comparing the results for the coarse
mesh, see Figures 3(f) and 4(f), flux limiting reduces both error (4.98e-5) and numerical
dispersion (peak height of 0.138) but at a cost of increasing CPU time. However
comparing flux limiting on the coarse mesh with upwinding on the fine mesh, see Figures
3(e) and 4(e), highlights that the errors and CPU times are similar. Hence flux limiting
produces the same accuracy and reduces numerical dispersion on the coarse meshes as
upwinding on fine meshes, but at a much less computational overhead.

Mesh Type Triangular Quadrilateral
Mesh Size Coarse Fine Coarse Fine

First Order  Temporal with Upwinding
Error 1.174462e-4 3.947456e-5 1.506695e-4 5.350089e-5
Peak Height 0.071038 0.085397 0.070070 0.085177
CPU Time (s) 28 74 38 90
Outer Iterations 229 231 287 278
Inner Iterations 525 593 587 719

Second Order  Temporal with Upwinding
Error 1.014276e-4 3.066355e-5 1.317727e-4 4.247438e-5
Peak Height 0.085682 0.104645 0.082366 0.102444
CPU Time (s) 6 21 8 22
Outer Iterations 50 62 56 62
Inner Iterations 169 252 183 246

Second Order  Temporal with Flux L imiting
Error 4.947220e-5 1.337973e-5 4.975446e-5 1.424502e-5
Peak Height 0.126211 0.140883 0.138251 0.151809
CPU Time (s) 29 90 28 92
Outer Iterations 188 216 141 189
Inner Iterations 494 635 387 531
Table 2: Comparison of the spatial and temporal weighting schemes

5.2 Performance of BiCGSTAB and GMRES

The results for the two linear system solvers, BiCGSTAB and GMRES, along with the
various preconditioning techniques are presented in Table 3. For these results flux
limiting with a second order temporal scheme was used on the coarse meshes. The RMS
error, peak height and outer iterations were consistent for all methods.
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Mesh Type Triangular Quadrilateral
Linear Solver and
Preconditioner

CPU
Time (s)

Inner
Iterations

CPU
Time (s)

Inner
Iterations

BiCGSTAB none 106 17402 137 21515
BiCGSTAB SSOR Right 30 506 32 603
BiCGSTAB ILU(0) Right 30 410 32 535
GMRES none 42 3965 53 5237
GMRES SSOR Left 28 632 30 739
GMRES SSOR Right 28 456 29 541
GMRES ILU(0) Left 28 523 30 665
GMRES ILU(0) Right 28 387 29 494
GMRES ILU(0) Both 28 393 30 506
Table 3: Comparison of the linear system solvers and preconditioners

From the results for BiCGSTAB it can be seen that ILU(0) right preconditioning is the
optimal choice, while no preconditioning preforms very poorly. For GMRES the ILU(0)
right preconditioner is also the best choice, while no preconditioning is once again poor
but better than BiCGSTAB. When comparing the two linear system solvers, GMRES
outperforms BiCGSTAB. However GMRES may require more memory depending on
the number of basis vectors used for the Krylov subspace, here however only 10 were
required when preconditioning. When comparing ILU(0) with SSOR(w=1)
preconditioning there is no difference in the CPU time required, however ILU(0)
required fewer inner iterations.

5.3 Flux L imiters

The van Leer and parabolic flux limiters easily outperform the linear flux limiter,
especially when CPU time is considered, refer to Table 4. The parabolic flux limiter
produces results very similar to that of the van Leer flux limiter, however it is marginally
outperformed.

Mesh Type Triangular Quadrilateral
Limiter Linear Parabolic van Leer Linear Parabolic van Leer
Error (´ 10-5) 5.266009 5.246814 4.975446 5.228037 4.952910 4.947220
Peak Height 0.132239 0.134350 0.138251 0.120982 0.125003 0.126211
CPU Time (s) 52 28 28 58 28 29
Outer Iterations 270 145 141 375 183 188
Inner Iterations 631 395 387 913 479 494
Table 4: Comparison of the linear, parabolic and van Leer limiters

5.4 Two-Node Jacobian Matr ix Approximation

For both mesh types it can be seen that the overall CPU time has been greatly reduced,
while the increase in the error is insignificant, refer to Table 5. Note here that both the
full and two-node approximations ignore the fill-in resulting from the flux limiter. The
CPU time reduction is more substantial for the quadrilateral mesh since there are a
greater number of derivatives within the Jacobian that can be disregarded. For the
quadrilateral mesh the total number of inner iterations has been increased due to the
slower convergence resulting from the approximation made of the Jacobian.
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Mesh Type Triangular Quadrilateral
Jacobian Full Two Node Full Two Node
Error 4.894238e-5 4.975446e-5 4.910591e-5 4.947220e-5
Peak Height 0.137775 0.138251 0.125518 0.126211
CPU Time (s) 37 28 46 29
Outer Iterations 151 141 193 188
Inner Iterations 406 387 407 494
Table 5: Two-node approximation to the Jacobian matrix

5.5 Adaptive Time Stepping Strategy

The adaptive time stepping strategy reduces the CPU time required, while the increase in
the error is insignificant, refer to Table 6.

Mesh Type Triangular Quadrilateral
Time Step Fixed Adaptive Fixed Adaptive
Error 4.791173e-5 4.975446e-5 4.864744e-5 4.947220e-5
Peak Height 0.132581 0.138251 0.122923 0.126211
CPU Time (s) 45 28 42 29
Outer Iterations 233 141 274 188
Inner Iterations 512 387 626 494
Table 6: Adaptive time stepping strategy

6 Conclusions

A complete CVFE solution methodology suitable for resolving non-linear transport
equations on triangular or quadrilateral meshes has been presented. When analysed for
the benchmark problem the methodology highlights the accuracy and CPU efficiency
offered by the second order temporal scheme coupled with flux limiting. In fact flux
limiting clearly reduces numerical dispersion and can offer similar accuracies with much
reduced CPU overheads to results obtained when using upwinding on fine meshes.
GMRES with ILU(0) right preconditioning appears to be the optimal choice for the
solution of the linearised Jacobian system and using the two-node approximation of the
Jacobian can reduce the time required for its generation. Adaptive time stepping is also
important for an efficient computational model. In summary, the CVFE methods that
employ second order temporal schemes and flux limiting are highly recommended. The
next stage in the research concerns testing this model on strongly non-linear wood drying
problems.
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(e) Second order time with upwinding (f) Second order time with flux limiting

Figure 3: Surface plots for the various spatial and temporal weighting schemes,
the coarse mesh was used for all plots except (e) where the fine mesh was used
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Figure 4: Contour plots for the various spatial and temporal weighting schemes,
the coarse mesh was used for all plots except (e) where the fine mesh was used


