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Abstract

In this work two different finite volume computational strategies for solving a repre-
sentative two-dimensional diffusion equation in an orthotropic medium are considered.
When the diffusivity tensor is treated as linear, this problem admits an analytical so-
lution that can be used for analysing the accuracy of the proposed numerical methods.
In the first method, the gradient approximation techniques discussed in [6] are applied
directly to the diffusion equation. In the second method, the diffusion equation is
transformed via scaling parameters to an isotropic model and then the control volume
techniques discussed in [6] are used to obtain the numerical results on the transformed
domain. It is shown that both methods produce reasonable results in comparison with
the exact solution for a range of anisotropy ratios typical of wood. However, only
the first method is appropriate for use in non-linear coupled transport systems. In
summary, the work highlights the necessity of determining a higher order gradient
approximation to improve the numerical results on the untransformed domain.

1 Introduction

The approximation of the flux term is an important issue that needs to be
addressed when implementing unstructured mesh finite volume methods for
simulating diffusion in a strongly orthotropic porous media.

In the past, several finite volume discretisation strategies have been pro-
posed in the literature for resolving mainly isotropic problems, see for example
[1)-[5].

The aim of this work is to analyse various flux approximation schemes to
assess their applicability to orthotropic porous media. In particularly, the in-
clusion of the important tangential, or cross diffusion term is investigated for
use in a completely generalised finite volume methodology.

In order to achieve this objective, the following two-dimensional orthotropic
diffusion problem for a finite rectangular domain is considered :

V.(Kng):pCp%; 0<z<L, 0<y<M; t>0 (1)
kyw O
where K = ( 0 ky )

(KV¢).0y, = hy(ps — ¢); at boundary Sy, ¢t >0
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where 11, is outward unit normal vector at boundary b, and initially

H(z,y,0) =¢o; 0<z<L; 0<y<M.

2 Theoretical Solution

Equation (1) is transformed into dimensionless form by using the following
parameters to obtain the exact solution, see also [6, 7]:
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and initial condition O(X,Y,0) =1, for 0 < X <1, 0 <Y < 1.

Assuming a separation in the form O(X,Y,7) = ©1(X,7)02(Y, ) it can be
shown that
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An example for the roots of the transcendental equation (3) is exhibited in
Figure 1. A globally convergent Newton scheme is used to find the desired
roots. Using the above equations, the analytical solution of equation (1) for the
orthotropic case can be written as

d(z,y,t) = s+ 01(X,7)O02(Y, 7)(po—ps) for 0 <z <L, 0<y< M, t>0.
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Figure 1: An example of the distribution of eigenvalues given by equation (3) for Bi; = 41.0
and Biz = 1.5 using (a) tan g — (Bi1 + Bis)u/(u” — Bi1Bis) = 0, or (b) (u” — Bi1Biz) tan p—
(Biy + Bis)p = 0

3 Control volume technique

To construct the control volume mesh, the computational domain is tessellated
with triangles and the control volumes are constructed around the vertices of
these elements by joining the centroids of adjacent cells. Figure 2 exhibits a
typical control volume within an unstructured mesh of the cell-centered control
volume approach. The control volume with the centroid point,P, has nodes,
Nka k= 1,2, ey P-

The discretised form of the differential equation (1) is derived by integrating
the equation over the control volume and in time from ndt to (n + 1)dt:
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Figure 2: A control volume and associated face within an unstructured mesh

The term (K'V¢).i can be written as V¢.(KT) and hence, the above equation
becomes

POy L (6 — 44
Np (5)
—{A Z{ Vo) wii A + (1 -0 Y {(ve).wii Ay ~ 0
k=1

where w =K. The parameter A\ = 1 gives a fully implicit scheme, A = 0 leads
to a fully explicit scheme and A = % provides a second order scheme in time.
The parameter A is set to 1 for this study.

3.1 Flux approximation using decomposed vectors (FADV)

Figure 2 shows a control volume face and the unit vectors fix and @, which
are perpendicular to each other and the vector joining the points P and Ny,
vj, which is perpendicular to t;. The vector wy, = KT, can be decomposed
as follows. Note that subscript ; is suppressed in the following equations.

The two vector equations v = (v.)@t + (v.i)ii and w = (w.Q)d + (w.ii)f
give the following formulae:

and



Figure 3: Two triangles associated with a control volume face

Therefore an expression for V¢.w = V¢.(KTH) can be written as

(Vo.w)E, (V¢ V) +{w.a - Wn—}(V¢ )5, (7)

Assuming that the pomts Fk and Ry, are sufficiently close, the following equa-
tions are obtained:

(Vé-v)r, ~ ¢n, — dp (8)

and
(V¢-ﬁ)Fk ~ ap(Ve.a)p + (1 — ap)(Ve.b)w, (9)
where o = 5. Substitution of equations (8) and (9) into (7) gives the follow-

ing express1on for the flux at the control volume face:
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+ {Wﬁ — wﬁﬁ}{ak(VQBﬁ)p + (1 — ak)(Vqﬁﬁ)Nk}
The gradients at the node points are calculated using the following approxima-
tion techniques discussed in [6, 4, 8].

(i) GRF:
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(ii) GMF2:
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(iii) Least squares gradient reconstruction:
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where wi = ||vg||7¢ and vi = PN, = (Azy, Ayg), withc=0: LS,
c=1: WLSID , and ¢ = 2 : WLSID2.

3.1.1 Boundary conditions

To obtain the cross diffusion terms for the boundary control volumes (see Figure
4) the gradients at the boundary nodes need to be approximated. These gradi-
ents can be estimated using the function values at connected boundary nodes,
together with boundary flux information. Suppose the gradient at node P is
to be evaluated and assume that Figure 4 shows a typical cluster of boundary
control volumes at = 0. Using the boundary conditions it is possible to write,
for the orthotropic case,
0¢ _ hy

ox ka:a: (ng - ¢’w)

The gradient component in the direction ¢y can be written as

9¢ _ (¢n — ¢p)
Oy 1P|
or
9¢ _ (¢n — o)
Oy |ION]]
Therefore, the gradient at the point P can be approximated as, for example,
(AN — ¢p).

ho
(V¢)P—@(¢P ¢w)1+7”P_N“ j-

Note that at the corner point O the gradient can be approximated as
By . hg .
(Voo ~ -—(¢0 — duw)i+ -—(do — b5)j
kex Kyy

because there are two boundary conditions available.

To approximate the gradient on a face, say, on the face F' in Figure 4, the
geometrical average can be used when the gradients for the points P and N are
available. All of these calculations are carried out explicitly using the function
values at time step n as the function values are not available at time (n + 1)dt.



3.2 Hybrid CV-FE formulation

The complete details of the hybrid control volume finite element method can
be found in [6, 9]. Here only the main results are summarised. After some
manipulations the total flux Vé.wi A, = Vo.(KT i) Ay, through the face k
can be written as

V. (K i) Ay ~ (KTa) TG dp AW + (KTa) TGP deP AP (14)
where, for example,

3 ar(@) 8 qs(a)
3_:EMNk 6_zMN,m

and dg\®”) = ( o = op ) . (15)

G(a) —
k DNy, — PP

3 arla) 8 prla)
a_:’/MNk @MNka

Thus, replacing the term (Vo.w)r, Ay in Eq. (5) (with A = 1) by Eq. (14) it
follows that

5V n n o ~(a a a)\(n a
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where all off diagonal terms have been treated implicitly.

3.2.1 Boundary Conditions

Figure 4: A boundary control volume

At the boundary control volumes (see again Figure 4), the value of the
function at the boundary point P is assumed to be the same as that of the



boundary surfaces and all discrete quantities are calculated there. If a control
volume face coincides with a boundary then the above equations are altered
by setting the flux through that face equal to the boundary flux, evaluated at
point P, multiplied by the length of the boundary control volume face. At a
boundary control volume the discretised equations will take the following form:

5V, N
P n+1 n n+1
PG5, D gy - > byl — ¢ )4,
b=1
p
Y GAETRD) TG (dg) D A0 (17)
k=1

p
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where Nj is the number of boundary control volume faces and ¢, (or 7,) is zero
if triangle A(or B) does not exist, or one if A(or B) exists for a given CV face
(see Figure 3).

4 Transformation into an isotropic model

Using the scalings,

X=-—" and ¥ =—2L_, (18)
Koz Kyy
equation (1) can be transformed into an isotropic model,
T 0 L M
V.V =p,2 0<x<- L o<v< M50 g
ot kg kyy
where 5 &
vV =ox o)

The boundary conditions are changed as
(K'V'¢).0p = hy(¢s — ¢); at boundary S, ¢ >0

where
K = ( Ve 0 ) .
0 kyy

Equation (19) can be solved using the finite volume techniques discussed in [6]
with the control volume meshes created on the transformed domain. Clearly,
very strong anisotropy ratios (i.e., kzz : kyy = 1 : p) will make the transformed
domain thinner in the the y direction to the extent of being impractical when
p is very large. This issue needs to be considered when using this method to
resolve the problem numerically.
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Figure 5: Control volume meshes used for the orthotropic model (a) Fine mesh with 809
node points, (b) Coarse mesh with 131 node points

5 Numerical Results

To test the flux approximations discussed throughout Sections 3 and 4, a wood
like material is used. In this case all faces are subjected to the mixed boundary
conditions described in section 1. Throughout the tests a material with the
physical properties: L = 0.1m, M = 0.04m, hy = 10W/m?/K, p = 600kg/m?>
and C, = 1.6886 x 103J/kg/K is used with ¢y = 30°C and ¢5 = 140°C.
The values kz; = 0.154W/m/K, ky, = 1564W/m/K for Case 1 (or kyy =
154W/m/K, ky, = 0.154W/m/K for Case 2 ) are used to obtain the results
presented here. The time step, dt, used for the simulations presented here is
one second and the results shown are obtained after 1000 seconds. The meshes
used throughout the analysis are shown in Figure 5. These meshes were cre-
ated using the mesh generator, EasyMesh, developed by Niceno [10] and the
centroids of the triangles are used as element centres for the construction of the
control volumes.

Table 1 summarises the important findings of this work and the results for
some selected simulations have been exhibited in Figures 6 and 7.

The main observation to be found from Table 1 and the supporting graphs is
that the use of shape functions (hybrid method) is better than the other meth-
ods for Case 1, while the other methods are better than the hybrid method for
Case 2 for the untransformed model. Results for the cases where k., : kyy = 1:



Comparison of Errors

Mesh 1 - | Mesh 2 - | Transformed | Mesh 1 - | Mesh 2 - | Transformed
RMSE Fine Coarse Domain Fine Coarse Domain

N =809 | N=131 N =1284 N =809 | N=131 N =328
kgg 1 kyy | 1:1000 | 1: 1000 1: 1000 1000 : 1 | 1000 : 1 1000 : 1

Case 1 Case 1 Case 1 Case 2 Case 2 Case 2
GRF 2.812477 | 5.882836 0.015703 0.803156 | 1.223945 0.026352
GMF2 2.683718 | 5.680837 0.015708 0.804600 | 1.223406 0.026644
LS 2.680167 | 5.728777 0.015706 0.828324 | 1.225261 0.026618
WLSID1 | 2.679774 | 5.658741 0.015708 0.819475 | 1.216931 0.026616
WLSID2 | 2.679926 | 5.584183 0.015714 0.812039 | 1.222791 0.026618
Hybrid 1.446686 | 2.359577 0.012931 0.753764 | 5.328590 0.012708

Table 1: Comparison of errors using the formula: RMSEZ\/% vazl (¢ — ¢¢)? where ¢°
- exact solution, ¢" - numerical result and N - number of node points

10, 1:100, 10:1, 100 : 1 were obtained for the untransformed model and
found to have good agreement with the exact solutions on both the fine and
coarse meshes, and therefore those results are not exhibited here. It is worth-
while to observe that the hybrid method produces misleading and inaccurate
results for Case 2 on the coarse mesh, while it has very good agreement with
the exact solution on the fine mesh.

On the other hand the use of the least squares method provides good results
for Case 2 on both the fine and coarse meshes and that method fails to give
good results for Case 1 especially on the coarse mesh for the original problem.
However, for Case 1, shape functions provide reasonable results on both meshes.

Table 1 also shows that gradient approximation techniques, namely GRF,
GMF2, LS, WLSID1 and WLSID2, produce approximately the same results on
each mesh for all cases and therefore only the results produced by the least
squares method are exhibited in Figures 6 and 7 to compare with the exact
solution and the results from the hybrid method. From Figure 6 it can be
observed that the numerical techniques discussed here for the untransformed
problem are unable to produce good results for Case 1 on both meshes. The
inaccuracy of the hybrid technique on a coarse mesh for Case 1 is clearly shown
in Figure 7.

Note that all of the methods provide very good results for both cases after
transformation into an isotropic model. These results again highlight the need
for higher accuracy of the finite volume approximation techniques for solving
isotropic diffusion problems on the untransformed domain.

6 Conclusions

The use of existing gradient approximation techniques directly in the orthotropic
model produces reasonable results on uniform, fine meshes. However in general,
the use of fine meshes cannot be recommended as the computational cost will
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be high espacially in three dimensions. To obtain accurate results on coarse
meshes, it is necessary to use a higher order gradient approximation technique
to calculate the flux at the control volume faces. The decomposition of the flux
term also plays a major role in the flux approximation. Currently, the authors
are developing higher order fully implicit finite volume methods to rectify this
problem. The transformation of the orthotropic model into an isotropic model
produces very good results using the available gradient approximation tech-
niques. However, such transformations may not be possible to use in coupled
equations, or for problems where the material properties are continually chang-
ing over time. In this case it would be computationally inefficient to continually
transform and remesh the domain throughout the processing in time.

References

[1] F. Hermeline, A Finite Volume Method for the Approximation of Diffusion
Operators on Distorted Meshes, Journal of Computational Physics, Vol.
160, pp. 481-499, 2000.

[2] J. Y. Murthy and S. R. Mathur, Computation of Anisotropic Conduction
using Unstructured Meshes, Journal of heat Transfer, Vol. 120, pp. 583-
591, 1998.

[3] I. Demirdzic and S. Muzaferija, Numerical method for fluid flow, heat
transfer and stress analysis using unstructured moving meshes with cells
of arbitrary topology, Computer methods in applied mechanics and engi-
neering, Vol. 125, pp. 235-255, 1995.

[4] N. Croft, Unstructured Mesh - Finite Volume Algorithms for Swirling,
Turbulent, Reacting Flows, PhD. Thesis, University of Greenwich, London,
UK, 1998.

[5] 1. Faille, A control volume method to solve an elliptic equation on a two-
dimensional irregular meshing, Compt. Meth. Appl. Mech. Eng. Vol 100,
1992.

[6] P. A. Jayantha and I. W. Turner, (to appear) A Comparison of Gradi-
ent Approximations for use in Finite Volume Computational Models for
Two-Dimensional Diffusion Equations, Numerical Heat Trnsfer, Part B:
Fundamentals.

[7] M. N. Ozisik, Heat Conduction, 1st ed., Wiley, New York, 1980.

[8] T. J. Barth, Aspects of Unstructured Grids and Finite-Volume Solvers for

the Euler and Navier-Stokes Equations, in: Lecture Notes Presented at the
VKI Lecture Series 1994-05, Feb. 1994.

[9] P. Perré and I. Turner, TransPore: A Generic Heat and Mass Transfer
Computational Model for Understanding and Visualising The Drying Of
Porous Media, Invited paper, Drying Technology Journal, Vol. 17(7), 1273-
1289, 1999.

[10] B. Niceno, "EasyMesh” (Version 1.4), freely available mesh generator on
the web Site:
http://www-dinma.univ.trieste.it/ nirftc/research/easymesh/.

11



110

On the fine mesh

100

90

80

70

<--Least squares method

0 0.02

0.04

0.06 0.08 0.1

110

On the coarse mesh

100

90

80

70

60

<--Least squares method

Figure 6: Results for the

ratio kzz

On the fine mesh

<--Least squares method

<--Shape functions

<--Exact solution

\/

0 0.01 0.02 0.03 0.04

0.04

90

80

70

0.06 0.08 0.1

: kyy =1 :1000 on two meshes

On the coarse mesh ]

z i

——{<--Shape functions 7—

<--Least squares method

\ <--Exact solution

0 0.01 0.02 0.03 0.04

Figure 7: Results for the ratio ks : kyy = 1: 1000 on two meshes

12

90

80

70



